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HISTORIC BEHAVIOR IN NON-HYPERBOLIC HOMOCLINIC CLASSES
PABLO G. BARRIENTOS, SHIN KIRIKI, YUSHI NAKANO, ARTEM RAIBEKAS,
AND TERUHIKO SOMA
Dedicated to Hiroshi Kokubu for his 60th birthday
Abstract. We show that C1-generically for diffeomorphisms of manifolds of di-
mension d ≥ 3, a homoclinic class containing saddles of different indices has a
residual subset where the orbit of any point has historic behavior.
1. Introduction
The purpose of this paper is to explore historic behavior in non-hyperbolic
invariant sets of higher-dimensional diffeomorphisms. Let us begin by explaining
what historic behavior is. For a given continuous map f on a manifold M, x ∈ M
anda continuous functionϕ : M→ R, we consider the sequence of partial averages
1
n
n−1∑
i=0
ϕ( f i(x))
along the forward orbit O+(x, f ) = {x, f (x), f 2(x), . . . }. If the limit of the above
averages exists as n → ∞, it is called the Birkhoff average associated with (x, ϕ).
Otherwise, such a phenomenon, which was observed in Bowen’s example [Gau92,
Tak94], is called historic by Ruelle [Rue01]. To be more precise, we say that
O+(x, f ) has historic behavior if there is a ϕ ∈ C0(M,R) such that the Birkhoff average
associated with (x, ϕ) does not exist, see [Tak08].
The motivation behind the study of historic behavior is the following. The
Birkhoff ergodic theorem implies that if µ is a probability measure on M which is
f -invariant, that is, µ(B) = µ( f−1(B)) for every measurable set B ⊂ M, the Birkhoff
average exists for µ-almost every point x ∈ M. Hence the set of initial points
whose forward orbits have historic behavior is of µ-measure zero. However since
theLebesguemeasure is ingeneral not f -invariant, the set is not alwaysof Lebesgue
measure zero. Furthermore, even if the set has Lebesguemeasure zero, it is possible
for the set to be topologically large.
In the case of uniformly hyperbolic systems, Takens [Tak08] proves that the ex-
istence of a Markov partition induces historic behavior in a residual set. However,
his method cannot be applied to a non-hyperbolic invariant set, where the Markov
partition is not guaranteed. One of causes of the lack of hyperbolicity is existence
of a homoclinic tangency, i.e., a non-transverse intersection between stable and
unstable manifolds. It is shown in [KS17] that there exist some persistent classes of
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surface diffeomorphisms with homoclinic tangencies and contracting non-trivial
wandering domains in which the orbit of every point has historic behavior, see be-
low for further information. This result can be extended to certain 3-dimensional
flowswith heteroclinic cycles of periodic solutions [LR17]. Meanwhile, for the geo-
metric Lorenz attractor it is known that there is a residual subset in the trapping
region with historic behavior [KLS16].
In this paper we consider invariant sets called homoclinic classes, which form
the basic pieces of a dynamical system. Properly speaking, for a diffeomorphism
with a saddle periodic point P, the homoclinic class H(P) is defined as the closure of
transverse intersections of the unstable and stablemanifolds of the orbit of P. Note
that every maximal invariant transitive hyperbolic set is a homoclinic class but the
converse is not always true. In fact, a homoclinic class may be non-hyperbolic
if it contains a homoclinic tangency or as another possibility has periodic points
with different indices (the dimension of the stablemanifold). This second situation
is related to the notion of a heterodimensional cycle (see in Section 4 or [BDV05,
§6]), an important topic in non-hyperbolic dynamical systems, and will be the one
studied in this article.
From now on, let M be a compact connected manifold without boundary of
dimension d ≥ 3. Let us introduce the following terminology. A homoclinic class
H(P) of a diffeomorphism f has residual historic behavior if there is a residual subset
R ofH(P) and there exists a ϕ ∈ C0(M,R) such that the Birkhoff average associated
with (x, ϕ) does not exist for every x ∈ R. The main result of the paper is the
following:
Theorem A. For any C1-generic diffeomorphism of M, a homoclinic class containing
saddles of different indices has residual historic behavior.
We remind that a property holds C1-generically if there is a residual subset of
the space of all C1-diffeomorphisms satisfying this property. Also observe that the
above definition of residual historic behavior is somewhat stronger than the initial
one because the continuous function ϕ is independent of the point x.
Let us continue with two questions related to Theorem A. Entropy and dimen-
sion of sets with historic behavior was studied in shifts with the specification
property in [BS00] (see also [BLV14, BLV18] where the historic set is called an irreg-
ular set). In particular, the set of initial points in a uniformly hyperbolic set whose
orbits have historic behavior carries full topological entropy and full Hausdorff
dimension. So it is natural to ask whether similar properties hold for homoclinic
classes in our setting.
Question1. Does the historic set of a generic homoclinic class have full topological entropy
or full Hausdorff dimension?
The other question is a version of Takens’ last problem [Tak08]: are there persistent
classes of smooth dynamical systems for which the set of initial states which give rise to
orbits with historic behavior has positive Lebesgue measure? An affirmative answer to
this problem is already given in dimension 2 as follows. We say that an open setD
is a contracting non-trivial wandering domain for a diffeomorphism f if
a) f i(D) ∩ f j(D) = ∅ if i , j,
b) the union of ω(x) for any x ∈ D is not equal to a single periodic orbit,
c) the diameter of f i(D) converges to zero if i →∞.
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As mentioned previously, it is proven in [KS17] that every two-dimensional dif-
feomorphism in any Newhouse open set (i.e., an open set of C2 diffeomorphisms
which have persistent tangencies associated with some basic sets, see [PT93, §6.1])
is contained in the Cr-closure (2 ≤ r < ∞) of diffeomorphisms having contracting
non-trivial wandering domains, where the orbit of any point has historic behav-
ior. According to a conjecture of Palis, see in [BDV05, §5.5], the cause for lack of
hyperbolicity besides homoclinic tangencies is the existence of heterodimensional
cycles. Thus the question is as follows.
Question 2. Does there exist a persistent class near every diffeomorphism having a
heterodimensional cycle in which any diffeomorphism has a non-trivial wandering domain
D such that the orbit of every point in D has historic behavior?
Note that [KNS17] gives a condition ensuring that 3-dimensional diffeomorphisms
with heterodimensional cycles are C1-approximated by diffeomorphisms having
contracting non-trivial wandering domains along some attracting invariant circles.
However, these domains contain no points whose orbits have historic behavior due
to the Denjoy-like construction used in [KNS17].
We close the introduction by explaining the structure of the paper and how to
obtain TheoremA proven in Section 4. It will be a consequence of our Theorem 3.1
in Section 3 and a key result of [BD12] on the generation of special type of hyper-
bolic sets, called blenders. These sets appear inside homoclinic classes with index
variation (containing periodic points of different indices) for generic diffeomor-
phisms, as is explained in Section 4. Thus in Section 2 we recall the definitions of
blenders according to the various levels (Definitions 2.1, 2.3), all of which can be
realized by using the covering property (Definition 2.4). Then in Section 3 we give
a key result (Theorem 3.1) of this paper, which contains the essential ingredients
for obtaining residual historic behavior associated with dynamical blenders.
2. Blenders
Blenders (with codimension one) were initially defined by Bonnatti and Dı´az
in [BD96] and were used to construct robustly transitive non-hyperbolic diffeo-
morphisms (see also [BDV05, BD12]). Blenders with larger codimension were
studied in [NP12, BKR14, BR17]. We will use the following definitions coming
from [BBD16].
Definition2.1 (cu-blender). Let f be a diffeomorphism of amanifoldM. A compact
set Γ ⊂M is a cu-blender of codimension c > 0 if
(1) Γ is a transitive maximal f -invariant hyperbolic set in a relatively compact
open set U,
Γ =
⋂
n∈Z
f n(U) and TΓM = E
s ⊕ Ec ⊕ Euu,
where Eu = Ec ⊕ Euu is the unstable bundle, uu = dimEuu ≥ 1 and c =
dimEc ≥ 1,
(2) there exists an open setD of C1-embeddings of uu-dimensional discs, and
(3) there exists a C1-neighborhood U of f such that, for all D ∈ D and g ∈ U ,
Wsloc(Γg) ∩D , ∅,
where Γg is the continuation of Γ for g.
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See in [BBD16, Sec.3.1] for the topology of the set of such embeddings in (2). The
set D is called the superposition region of the blender. A cs-blender of codimension c
of f is a cu-blender of codimension c for f−1. The term of “codimension” above
comes from the bifurcation theory as it is explained in [BR19].
2.1. Dynamical blender. In [BBD16], the authors introduce the notion of a strictly
invariant family of discs as a criterion to obtain a blender, which we explain in
what follows.
Let D(M) be the set of uu-dimensional (closed) discs C1-embedded into M and
endowed with the C1-topology.
Definition 2.2 ( f -invariant family, see Def. 3.7 in [BBD16]). A family D of discs
in D(M) is said to be strictly f -invariant if there exists a neighborhood N of D in
D(M) such that for every disc D0 ∈ N there is a disc D1 ∈ D with D1 ⊂ f (D0).
Suppose that Γ is a transitive hyperbolic set having a partially hyperbolic split-
ting TΓM = E
s ⊕ Ec ⊕ Euu with Eu = Ec ⊕ Euu and uu = dimEuu. Moreover, assume
that there exists a strictly f -invariant family of uu-dimensional C1-discs tangent
to an invariant expanding cone-field Cuu around Euu (see the precise definition in
[BBD16, Sec.3.2]). Then Γ is actually a cu-blender of codimension c = dimEc > 0,
see [BBD16, Lem. 3.14]. Motivated by this result, they introduced the following
class of blenders:
Definition 2.3 (Dynamical cu-blender). Let f be a diffeomorphism of a manifold
M. A compact set Γ ⊂M is a dynamical cu-blender of codimension c > 0 if
(1) Γ is a transitive maximal f -invariant hyperbolic set in a relatively compact
open set U,
Γ =
⋂
n∈Z
f n(U) and TΓM = E
s ⊕ Ec ⊕ Euu
where Eu = Ec ⊕ Euu is the unstable bundle, uu = dimEuu ≥ 1 and c =
dimEc ≥ 1,
(2) there is a strictly Df -invariant cone-field Cuu around Euu which can be
extended to U,
(3) there is a strictly f -invariant familyD of uu-dimensional discs inD(M) such
that every disc D in a neighborhood of D is contained in U and tangent to
Cuu, i.e.,
D ⊂ U and TxD ⊂ C
uu(x) for all x ∈ D.
A dynamical cs-blender of codimension c for f is a dynamical cu-blender of codi-
mension c for f−1.
2.2. Covering property. Although Definition 2.3 is very useful, the difficulty is in
showing the existence of a strictly invariant family of discs. The following covering
criterion helps us to conclude when a hyperbolic set is a dynamical blender. This
criterion appeared in [BD96, BDV05] in the case of codimension c = 1 and it was
extended for large codimension in [NP12, BKR14, BR17, ACW17].
Let Γ be a horseshoe, i.e., a locally maximal invariant hyperbolic set of a diffeo-
morphism f : M → M conjugated with a full shift. Assume that f restricted to Γ
has a partially hyperbolic splitting TΓM = E
s ⊕ Ecu ⊕ Euu such that Eu = Ecu ⊕ Euu
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is the unstable bundle, c = dimEcu ≥ 1, uu = dimEuu ≥ 1, and there are positive
constants γˆ, νˆ ∈ R such that
‖Df |Es‖ < 1 < ‖Df |Ecu‖ ≤ γˆ
−1 < νˆ−1 < m(Df |Euu).
Here ‖F‖ stands for the operator norm and m(F) := ‖F−1‖−1 for a given invertible
linear map F. Moreover, we also assume that Γ is contained in a chart of Mwhich
is in local coordinates Rd = Rs+uu ×Rc.
For what follows, let us define the sets of vertical and horizontal rectangles. A
vertical rectangle V on [−1, 1]s+uu is a set of the form
V =
⋃
y∈[−1,1]uu
Iy × {y},
where for each y, Iy is a product of {uu}-tuple closed intervals which depend C
1-
continuously on y. A horizontal rectangleH is defined in an analogous manner, the
union now being taken over {x} × Ix, x ∈ [−1, 1]
s.
The covering property consists of the conditions we describe next. See Figure 1.
Definition2.4 (Covering property). There are open setsB,B1, . . . ,Bk ⊂ (−1, 1)
c, hor-
izontal and vertical rectangles H1, . . . ,Hk and V1, . . . ,Vk respectively in [−1, 1]
s+uu,
satisfying the following:
(1) Γ is the maximal invariant set in V × [−1, 1]c where V = V1 ∪ · · · ∪ Vk.
(2) Hi × Bi ⊂ f
−1(Vi × B) and f (Hi × Bi) is a vertical rectangle in Vi × B. The
vertical rectangle here is defined similarly as above having the expression
⋃
y∈[−1,1]uu
Iy × {y} × Jy.
(3) B ⊂ B1 ∪ · · · ∪ Bk with Lebesgue number L > 0.
(4) The local strong unstable manifolds are C1-embedded graphs in [−1, 1]d of
the form
D(y) = (hs(y), y, hc(y)), y ∈ [−1, 1]
uu,
and having the Lipschitz constant Cˆ of hc satisfying Cˆ < L.
Notice that condition (4) relates thevariationof the cone-fieldCuu to theLebesgue
number of the cover in condition (3). Moreover, (4) always holds when Γ is a stan-
dard affine horseshoe (see [ACW17, Def. 7.4]) or f is a one-step skew-product
(see [BR17, Def. 5.1]), since in these examples Cˆ = 0. In both cases the dynamics
of f is associated with an iterated function system (IFS for short) generated by
contracting maps φ1, . . . , φk of [−1, 1]
c, and then the fourth condition above can be
summarized to asking that
(2.1) B ⊂ φ1(B) ∪ · · · ∪ φk(B).
Remark 2.5. It follows from [BR17, proof of Thm.A.2] that a horseshoe satisfying
the covering property is a dynamical cu-blender. Namely, the set D of strictly
f -invariant discs is given by the set of almost-vertical C1-embedded discs in V ×B.
These almost-vertical discs are defined to be close to the so-called constant vertical
discs, which are uu-dimensional discs projecting into a single point on Rc. For
more details and the precise definitions see [BR17, BR19].
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Ecu
Euu
Es
Figure 1. Covering property as k = 2
2.2.1. Prototypical blender-horseshoe. Any known example of a horseshoe which is
a blender satisfies the covering property. This is the case of the important model
used in many articles called the prototypical blender-horseshoe (see [BD12, Sec. 5.1]
and also [BD96, BDV05, BD08, BDK12]).
In this model, f is locally defined as a one-step skew-product of the form
f = F ⋉ (g1, g2) on R
d = Rs+uu × R. Here, F is a map having a horseshoe, Λ, in
[−1, 1]s+uu conjugated with a full shift on two symbols, while
g1(x) = λx, and g2(x) = λx − µ
for x ∈ R with 1 < λ < 2 and 0 < µ < 1. Namely,
(2.2) f (ω, x) =

(F(ω), g1(x)) if ω ∈ H1
(F(ω), g2(x)) if ω ∈ H2
where H1 and H2 are the horizontal rectangles in [−1, 1]
s+uu containing Λ. The
associated contracting IFS is given by the inverse maps of the expanding g1 and
g2. Then, for any ε > 0 small enough, the open set B = (ε, (µ + 1)/λ − ε) satisfies
the covering property (2.1). See Figure 2. Hence, according to Remark 2.5, the
maximal invariant set Γ of f in H × [−1, 1], where H = H1 ∪ H2 is a dynamical
cu-blender of codimension c = 1.
In what follows we will need to consider dynamical blenders having an extra
assumption. For this reason we introduce the following definition:
Definition 2.6. Aperiodic point P in a dynamical cu-blender Γ of a diffeomorphism
f is said to be distal if the orbit of P is far from the strictly f -invariant family of disc
and whose unstable manifold contains a disc in this family.
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Figure 2. Covering property for (g1, g2)
The following lemma shows that prototypical blender-horseshoes have a distal
periodic point. Moreover, since this property is open, it also holds by any nearby
dynamical blender.
Lemma 2.7. The dynamical cu-blender Γ of the map f in (2.2) has a distal point.
Proof. Let D be the strictly f -invariant family of uu-dimensional discs of Γ. Ac-
cording to Remark 2.5, this corresponds with the region V × B in [−1, 1]d where
V = F(H) ∩ [−1, 1]s+uu. Let p ∈ Λ be the fixed point of F in H1. Then P = (p, 0) is
a fixed point of f in Γ. Observe that P does not belong to V × B. Moreover, the
intersection ofWu(P) and V × B contains a disc in the strictly f -invariant familyD
of uu-dimensional discs. Thus, P is a distal point of Γ. 
3. Historic behavior in a homoclinic class with a blender
The following result is the main ingredient to get TheoremA. We say a periodic
point Q is homoclinically related to a periodic point P if Wu(Q) ⋔ Ws(P) , ∅ and
Wu(P) ⋔Ws(Q) , ∅.
Theorem 3.1. Consider a C1-diffeomorphism f of M having a homoclinic class H(P),
which contains a dynamical cu-blender Γ with a distal periodic point in Γ homoclinically
related to P. Then H(P) has residual historic behavior.
Proof. Denote by D the strictly f -invariant family of discs of the dynamical cu-
blender Γ. See Figure 3. By abuse of notation, we also denote by D the region
in M where the discs of this family are embedded. Since the homoclinic classes
of homoclinically related saddle points coincide, relabeling if necessary, we will
denote by P the periodic (distal) point of f in Γ whose distance from D is larger
than some r > 0. For simplicity, we assume that P is a fixed point of f .
Consider a continuous function ϕ : M → [0, 1] such that ϕ(x) = 1 for all x in
the open ball Br(P) of radius r centered at P and ϕ(x) = 0 if x belongs to D. Fix
ε > 0,N ∈N and x ∈ H(P). We define ∆(x, ε,N) as the set of points y ∈ Bε(x) which
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satisfies the following condition: there are n1, n2 ≥ N such that
(3.1)
1
n1
n1−1∑
i=0
ϕ( f i(y)) −
1
n2
n2−1∑
i=0
ϕ( f i(y)) >
1
2
.
The first trivial observation is that ∆(x, ε,N) is open. Moreover, it holds that
Claim 1. ∆(x, ε,N)∩H(P) , ∅.
Figure 3. Sketch of the proof of Theorem 3.1.
Let us postpone the proof of this claim to first conclude the theorem. Take RN
as the union of ∆(x, ε,N) for ε > 0 and x ∈ H(P). Clearly RN ∩H(P) is an open and
dense set inH(P). Hence the set R∩H(P), where R = ∩RN , is a residual set inH(P).
Moreover, if y ∈ R then for every N ∈ N, the forward orbit of y has N-conditional
historic behavior, i.e., (3.1) holds. This implies that the forward orbit of y has
historic behavior, concluding the theorem.
Proof of Claim 1. Since H(P) is a homoclinic class, there exists Q ∈ Bε(x) belonging
to Ws(P) ⋔ Wu(P). Since Q ∈ Ws(P), there is m0 ∈ N such that f
m0 (Q) ∈ Br(P).
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Moreover, assuming r sufficiently small, we have that fm0+n(Q) ∈ Br(P) for all
n ≥ 0. Take m1 ∈N such that n1 = m0 +m1 ≥ N and m0/n1 < 1/8. Then
1
n1
n1−1∑
i=0
ϕ( f i(Q)) ≥
1
n1
n1−1∑
i=m0
ϕ( f i(Q)) ≥
n1 −m0
n1
>
7
8
.
By continuity, we have that
(3.2)
1
n1
n1−1∑
i=0
ϕ( f i(y)) >
7
8
for all y ∈ Bε(x) close enough to Q.
Now consider a small disc V inWu(P)∩Bε(x) transverse toW
s(P) atQ such that
f n1 (V) ⊂ Br(P). By the Inclination Lemma, the forward iteration of V approaches
Wu(P). Since P is distal, the unstable manifold of P contains a disc in the open
family D. Then we find m2 ∈ N such that f
n1+m2 (V) also contains a disc D0 in
D. See Figure 3. Moreover, as D is strictly f -invariant, there is a sequence of
discs {Dn}n∈N in D such that Dn ⊂ f (Dn−1) for all n ≥ 1. Take m3 ∈ N such that
(n1 +m2)/n2 < 1/8, where n2 = n1 +m2 +m3. Let V
′ = f−m3−m2−n1(Dm3) ⊂ V. Then,
1
n2
n2−1∑
i=0
ϕ( f i(y)) ≤
1
n2
n1+m2∑
i=0
ϕ( f i(y)) ≤
n1 +m2
n2
<
1
8
for all y ∈ V′.
By continuity, we have that
(3.3)
1
n2
n2−1∑
i=0
ϕ( f i(y)) <
1
8
for all y ∈ Bε(x) close enough to V
′.
Therefore, Equations (3.2) and (3.3) imply (3.1) concluding that ∆(x, ε,N) is not
empty.
To conclude the proof we actually need to show that ∆(x, ε,N) ∩ H(P) , ∅. To
do this, we will use that Γ is a cu-blender. Take a small neighborhood V′′ of V′
in V ⊂ Wu(P) ∩ Bε(x) such that f
n2 (V′′) is a strip foliated by discs in D. Since Γ is
a cu-blender and P ∈ Γ is a fixed point, we get that Ws(P) transversally intersects
f n2 (V′′) at a point Y. In particular, Y belongs to H(P) since f n2 (V′′) ⊂ Wu(P). Thus,
f−n2 (Y) ∈ H(P) ∩V′′ ⊂ H(P) ∩ ∆(x, ε,N). This ends the proof of Claim 1. 
Now the proof of Theorem 3.1 is complete. 
4. Blenders in generic non-hyperbolic homoclinic classes
We first give a result on historic behavior but with respect to a fixed homoclinic
class. This will follow from the existence of blenders and Theorem 3.1. Thus, as
a part of the proof we review the known arguments for obtaining blenders in the
C1-generic context. Denote by ind(P) the stable index of a saddle periodic point P
for f , and by Pg the continuation of P if g is close to f .
Theorem 4.1. Let f be a C1-diffeomorphism of M and fix a hyperbolic periodic point
P for f . Assume that the homoclinic class H(P) contains a hyperbolic saddle Q with
ind(Q) = ind(P)+ 1. Then there is an open set U of C1-diffeomorphisms with f ∈ U such
that H(Pg) has residual historic behavior for all g ∈ U.
10 BARRIENTOS ET AL.
Proof. Since the homoclinic class of P must be non-trivial, according to [BDK12,
Thm. 1] we can approximate f by a diffeomorphism having a C1-robust heterodi-
mensional cycle associated with hyperbolic sets containing the continuations of P
and Q (see also [BCDG13, Cor. 2.4]).
Recall that a diffeomorphism has a heterodimensional cycle if there exists a pair
of transitive hyperbolic sets Λ and Γ with different indices such that their invari-
ant manifolds meet cyclically. Since ind(P) < ind(Q), by construction of the cycle
as done in [BD08, Sect.4], there exists a prototypical cu-blender-horseshoe Γ ho-
moclinically related with P. The fact that the heterodimensional cycle persists
under perturbations comes from the robustness of the blender. In particular, from
Lemma 2.7, there is aC1-open subset V arbitrarily close to f such that any g ∈ V has
a dynamical cu-blender Γg and a distal periodic point in Γg homoclinically related
with Pg. Thus, we are in the assumptions of Theorem 3.1 and consequently H(Pg)
has residual historic behavior. To conclude, it is enough to take U as the union of
all of these open sets V. 
Remark 4.2. Observe that for a C1-generic diffeomorphism the following facts are
known. For every pair of hyperbolic periodic points the homoclinic classes either
coincide or are disjoint. And if a homoclinic classH(P) contains saddles of different
indices, then it also contains periodic points of all intermediate indices [ABC+07,
Thm. 1 and Lem. 2.1]. In particular, for a C1-generic f and a given homoclinic
class H(P), we may assume there exists a point Q with ind(Q) = ind(P) + 1. Thus,
the previous Theorem 4.1 can be applied in this context.
In the above theorem the homoclinic class is fixed, but observe that the set of
diffeomorphisms obtained is open. However, we would like to show C1-generic
historic behavior for any homoclinic class having index variation (containing sad-
dles of different indices). To this end, we present the following result due to Bonatti
andDı´az [BD12] on generation of blenders inside any homoclinic classwith certain
index variation.
Theorem 4.3 ([BD12, Thm. 6.4]). There is a residual subset R of C1-diffeomorphisms
f of M such that for every homoclinic class H(P) containing a hyperbolic saddle Q with
ind(Q) > ind(P), there is a transitive hyperbolic set Λ containing P and a cu-blender Γ.
This theorem follows from standard genericity arguments by first proving the
statement for a fixed homoclinic class H(P). On the other hand, this is done by
means of similar reasoning as in the proof of Theorem 4.1 and Remark 4.2. We also
would like to emphasize the following:
Remark 4.4. The cu-blenders constructed in Theorem 4.3 come from the perturba-
tions of prototypical cu-blender horseshoes in the sense of Section 2.2.1, and in
particular are dynamical blenders.
Now we prove our main Theorem.
Proof of Theorem A. Consider the residual set R given in Theorem 4.3. We can
assume that for any f ∈ R and every pair of hyperbolic periodic points P andQ of
f either H(P) = H(Q) or H(P) ∩H(Q) = ∅ (see [ABC+07, Lem. 2.1]). Now, fix f ∈ R
and let P be a saddle periodic point of f whose homoclinic class contains a saddle
Q of different stable index.
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If ind(Q) > ind(P) then by Theorem 4.3 we get a cu-blender Γ in H(P), whose
saddles are homoclinically related with P. By Remark 4.4, Γ is a dynamical cu-
blender and from Lemma 2.7 has a distal periodic point related with P. Thus, we
are in the assumptions of Theorem 3.1 and consequently H(P) has residual historic
behavior.
Next we suppose that ind(Q) < ind(P). Since H(P) = H(Q), H(Q) contains
points of different indices and similarly as above we can apply Theorem 4.3 for
this homoclinic class. Hence, we get that H(Q) has residual historic behavior. As
H(Q) = H(P) we also get the same conclusion for H(P) and conclude the proof. 
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